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PROBABILITY FUNDAMENTALS

Combinations (unordered)

() = 2

Crl(n—r)!
n objects taken r at a time, order does not matter

Addition rule (two events)

P(AUB) = P(A) + P(B) — P(AN B)

Set complement
P(A%)=1-P(4)
CONDITIONAL PROBABILITY & BAYES

Independence of two events
A and B are independent iff P(AN B) = P(A) P(B)
(equivalently: P(A | B) = P(A))

Law of total probability
P(A)=3_,P(A| B;) P(By)

where {B;} is a partition of the sample space

Multiplication rule

P(ANB) = P(A| B)P(B) = P(B | A) P(A)

DISCRETE DISTRIBUTIONS

Poisson distribution — PMF, mean, variance

e—/\)\k
P(X = k) = —
E[X]=), Var(X)=2\
E=0,1,2,...

Binomial distribution — PMF, mean, variance
P(X =k)= ()p*1 —p)"*

E[X] =mnp, Var(X)=np(l-p)
k=0,1,...,n

Hypergeometric distribution — PMF, mean, variance

K\ (N-K
P(X =k)= %
E[X] = % Var(X) = ”K(JJ‘\’IQ—(]f)_(Jl\’)—n)
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5 items

Addition rule (three events)

P(AUBUC)=P(A)+P(B)+P(C)—P(ANB)—-P(ANC)-P(BNC)+
P(ANBNCQC)

Permutations (ordered)
n!
(n—r)!

n objects taken r at a time, order matters

nPr:

5 items

Conditional probability

P(ANB)
P(A|B)= W, P(B)>0
Bayes' theorem
P(A| B;) P(B;)
P(B; | A) =
(B4 = S P15, P(B)

6 items

Negative Binomial distribution — PMF, mean, variance

P(X =k) = (*))p"(1 — p)* " (trials for rth success)

B[X] = ;, Var(x) = [P

Bernoulli distribution — PMF, mean, variance
P(X=1)=p, P(X=0)=1-p
E[X]=p, Var(X)=p(l-p)

Geometric distribution — PMF, mean, variance

P(X =k) = (1 — p)*'p (humber of trials to first success)

1-p
= "2

1
-, Var(X
p &) p



CONTINUOUS DISTRIBUTIONS

Normal distribution — PDF

1) = = e )

o/ 21
E[X]=pu, Var(X)=o?

Exponential distribution — PDF, CDF, mean, variance
flx)y=Xe™, Fz)=1—-e? 2z>0

1 1
E[X] = 3 Var(X) = z

Weibull distribution — PDF, mean
T

o= (3) e, o

B[X]=6T(1+1)

Lognormal distribution — PDF, mean, variance
1 (Inz — ,u)2)
B) = exp| ———=1), x>0
fe) = —— e -2
E[X]|= e’”"zﬂ, Var(X) = 62’”"2(6"2 —1)

JOINT & MARGINAL DISTRIBUTIONS

Conditional PDF

fX,Y(l‘,y)
fx(z)

frix(y | z) =
Independence of continuous RVs

X,Y independent iff fxy(z,y) = fx(z) fr(y) for all z,y

EXPECTATION & VARIANCE

Covariance
Cov(X,Y) = E[XY] - E[X]|E[Y]
If X,Y independent: Cov(X,Y) =0

Correlation coefficient
Cov(X,Y
oy = XY g g
Ox Oy

Variance shortcut

Var(X) = B[X?] - (B[X])?

Law of total variance

Var(X) = E[Var(X | Y)] + Var(E[X | Y])

8 items

Memoryless property (Exponential / Geometric)
PX>s+t|X>s)=PX >t

Only the Exponential (continuous) and Geometric (discrete) satisfy this.

Uniform distribution — PDF, mean, variance

f(z) = — a<z<b
Blx] = 20 varx) = 829
2 12

A

Gamma distribution — PDF, mean, variance
waflefz/e

flz) = T’ °© >0

E[X]=af, Var(X) = ab*

a=shape, f=scale

Beta distribution — PDF, mean

@) = %, 0<z<l1
E[X]= —=—, Var(X)= o
a+p’ (a+B)2(a+B+1)

3 items
Joint PDF — marginal densities
fx(x) = [ fxy(z,y) dy
fry) = [, fxy(z,y)de

7 items

MGF definition and moment extraction
Mx(t) = B[]
E[X"] = M (0) (nth derivative at ¢ = 0)

Variance of a linear combination

Var(aX + bY) = a?Var(X) + b*Var(Y) + 2ab Cov(X,Y)

Law of total expectation

E[X] = EBIE[X | Y]]



INSURANCE APPLICATIONS 5 items

Ordinary deductible — payment per loss Stop-loss (aggregate) premium
YL = max(X —d, 0) E[(S—d).]| = E[S] — E[S A d]
E[YY| = E[X]— E[X Ad] S = aggregate loss, d = retention (aggregate deductible)

where d = deductible, X = ground-up loss

Limited expected value (LEV) Payment per payment (excess loss)
E[X/\u} = fouS(a:)da: = fou[]. —F(a:)]dac e(d) — E[X—d | X > d] — E[X] _E[X/\d]
forX >0 ' 1-F(d)

d = deductible

Policy limit — payment per loss
YL =min(X, u) = X Au
E[Y!] = E[X A

u = policy limit
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